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Spatial anisotropy and rotational invariance of critical hard
squares
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The Institute of Physical and Chemical Research (RIKEN), Wako, Saitama, 351-01, Japan

Received 22 March 1994, in fina] form 20 June 1994

Abstract. We develop a new method to analyse solvable models defined on a square lattice
rotated through an arbitrary angle ¢ with respect to the coordinate axes. In the method we
introduce auxiliary faces into a rotated systern to relate it with an inhomogeneous one in the
natural orientation ¢ = 0. The inhomogeneous system is investigated by commuting 2 transfer
matrix argument. As an application of the method, we consider interacting hard squares at the
critical point. We discuss relations between spatial anisotropy and rotationat {or conformal)
invariance of the model in caleulations of finite-size properties.

1. Introduction

In principle, averaged properties (such as magnetization, pressure, etc) of a system can
be calculated from its microscopic Hamiltonian within the framework of the statistical
mechanics. Practically, however, these kinds of calculations are very complicated. We call
a model solvable if a compact expression of its (per-site zero-field) free energy is obtainable
without any approximations.

We have many two-dimensional solvable models [1-3]. It is known that there exists a
hidden symmetry called the Yang—Baxter relation (or equaticn) in their solvability [1, 3, 4].
Draw a square lattice so that its rows and columns are parallel to the horizontal and
vertical axes, respectively (figure 1(a)); we will use the term ‘natural’ to refer to this lattice
orientation. Impose on it periodic boundary conditions in both directions (toroidal boundary
conditions). Then, a parametrized solution to the Yang-Baxter equation yields a family of
commuting row-to-row transfer matrices (RRTMs). Using an equation for commuting RRTMs,
we can determine the explicit forms of their eigenvalues and hence the free energy.

If a square lattice is drawn diagonally (figure 1(5)), the geometry is convenient to
consider relations between two-dimensional solvable models and solvable quantum spin
chains [1,4-7]. For example, when interactions of the 6-vertex model become extremely
anisotropic, its diagonal-to-diagonal transfer matrix (PDTM) is related to the Hamiltonian
of the X X Z-Heisenberg chain [6,7]. Some authors [8] showed how to solve the 6-vertex
model with the DDTM by the Bethe ansatz method. Recently, Litvin and Priezzhev (LP) [9]
analysed the 6-vertex model on a square lattice rotated through an arbitrary angle ¢ with
respect to the natural lattice orientation (figure 1(c)). LP derived the Bethe ansatz equation
for general ¢ by the use of a random walk representation for configurations of the model.
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Figure 1. A square lattice () in the natural orientation, (&) drawn diagonally, and (¢) rotated
through @ with respect to the coordinate axes.

In the case of the ice model [10] the Bethe ansatz equation was solved numerically to find
that several cases of ¢ give the same value of the per-site entropy S = () In (%).

For conformally invariant models, LP indicated that the lattice rotation offers more
interesting problems: The principle of scale invariance at the critical point is widely
appreciated [11]. A critical model whose interactions are isotropic is expected to be invariant
under a larger group, that of conformal transformations [12-14]. A conformal transformation
is a point-to-point transformation which preserves angles but not necessarily distances.
Locally, we can regard a conformal transformation as a combination of a dilatation (scale
transformation), translation and rotation; and then, the length-rescaling factor, translation
vector and rotation angles vary with position continuously. For lattice models it is difficuit to
carry out conformal transformations directly. Investigating their invariance under dilations,
translations and rotations is helpful though the global transformations cannot be generalized
to local ones automatically.

In two dimensions, it is convenient to introduce the complex coordinate: z = x 4 iy.
The conformal group is isomorphic to that of analytic functions. If we assumg a conformally
invariant model wrapped on a torus of size  x I’ {{' 3> I 3 1) [14,15], it is shown that the
free energy F must be of the form [16]

F=lf—/DEe/6)+-- (1.1)

where f is the per-site free energy. A universal number ¢ called the conformal anomaly
(or central charge) appears in the I/l correction term; note that the !'/! correction term
i invariant under scale transformations ! — «l, I’ = af’. For various solvable models
the value of the central charge has been determined in analyses for ¢ = 0 [17-22]. It is
desirable to show invariance of the I’ /I correction term under laitice rotations. Applying the
argument of LP (or the Bethe ansatz methods in [17, 18]) to these problems is very involved,
however. Alternative methods are required.

In this paper we propose a method to analyse solvable models on a square lattice rotated
through an arbitrary angle ¢ with respect to the coordinate axes. Introducing auxiliary
faces, we relate a rotated system to an inhomogeneous one in the natural orientation. Then,
the inhomogeneous system is investigated by commuting transfer matrices argument. The
method is quite general in order to be applicable to a wide class of solvable models. Here we
consider interacting hard squares [23-25]. Finite-size properties of the model are calculated
at the critical point. In the case of isotropic interactions we prove rotational invariance of
the I'/{ correction term in (1.1). When ¢ = 7/4 and interactions are extremely anisotropic,
we discuss relations between the hard-square model and one-dimensional quantum systems.

The format of the present paper is as follows. In section 2 a hard-square model is
defired. In section 3 we explain a method to analyse the model on a rotated lattice. In
section 4 we calculate eigenvalue spectrum of the transfer matrix at criticality. From the
results in section 4, finite-size properties are investigated in section 5. Section 6 is devoted
to a summary and discussion.
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2. Critieal hard hexagons and tricritical hard squares

When Baxter solved the hard-hexagon model, he considered a square lattice gas model with
nearest-neighbour exclusion (thus ‘hard squares’ and next-nearest-neighbour interactions
{1,23-25]: There is an occupation number &;(= 0, 1) at each site / on a square lattice;
o; = 0 if the site { is empty; o; == [ if the site { is occupied by a particle. The Boltzmann
weight is assigned on each unit face depending on particle configurations around it. We
denote by W(a, b, ¢, d) the Bolizmann weight of a face with occupation numbers a, b,
¢, and d counterclockwise starting from the south-west (SW) corner. The corresponding
Boltzmann weight is

(a+b+e+d)/4 . Kact+Lbd y—a+b—ctd H — — e —
W(a,b,c,d):{mz e t if ab_-br:_cd_da—()(z.l)
0 otherwise
where m is a normalization factor of the partition function and ¢ is a parameter which cancels
out of the partition function. The thermal equilibrium state of the model is determined for a
given value of one-particle activity z and diagonal interactions K, L. In the thermodynamic
(z, K, L) space, the hard-square model is solvable on a two-dimensional manifold defined
by

= (1 —e ®*)(1~eb)/(eXHr —e¥ —&'). (2.2)

The manifold (2.2) consists of three disjoint sheets. Each sheet is divided into two
regimes by a line of critical or tricritical points: the first sheet is in the region X > 0,
L < 0. The hard-hexagon model is located at the £ — 0, L — —o0 limit on it. A [ine of
critical points which is given by (2.2) and the equation

—1/2( K+L (1+J_)/2]_5/2 (2.3(1)

separates regime I from regime II; regime I is a disordered fluid regime, and regime II
a triangular (3 > 1) ordered solid one [1,23,24). The third sheet, which is in the region
K <0, L >0, is divided into regimes V and VI by a critical line. Situations of regime V
(respectively VI) differ from those of regime I (respectively II) in the interchange of K
and L.

In the case of attractive diagonal interactions (K, L > 0) the manifold (2.2) corresponds
to the second sheet, which is composed of regimes III and I'V. In the (z, X, L) space regime
IN is a first-order transition surface separating a disordered fluid phase and square (vZx +/2)
ordered solid ones [25,26]. Regime IV is an analytic continuation of regime IIT beyond a
line of tricritical points but lies in a square ordered solid phase; on the second sheet the
tricritical line is located by the additional equation

2721 — 2Kty = —[(1 +v/5)/2] 7. (2.36)

Hereafter, we restrict ourselves to the critical line on the first sheet (critical hard
hexagons) and the tricritical line on the second sheet (tricritical hard squares). On the
two lines, after m and r are determined suitably, the Boltzmann weights around a face are
parametrized in terms of the trigonometric functions as

=W(0,0,0,0) = sin(ZA 4 v)/sin 2

wy =W(1,0,0,0) = W{0,0, 1,0) = £sinv/[sin A sin24]"
w3 =W(0,1,0,0) = W(0,0,0, 1) = sin(L — v)/sin A (2.4)
we =W(1,0,1,0) = sin(2A — v)/sin2A
ws =W(0,1,0,1) = sin(A + v)/sin A
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where the crossing parameter A = 7/5; the spectral parameter v, which represents spatial
anisotropy, is in the interval —A < v < 0 for critical hard hexagons, and 0 < v < A for
tricritical hard squares [1,23,24].

In analyses we use the following properties satisfied by the face weights W [1,3,4].
(i) The Yang-Baxter relation

Y Wia,b,c,a" )W’ ¢, b, a' YW (e, b, b, b'|v")
c
= Z: W(a", a,c,a'|vYW(a, b, b", c|oYW(c, b, ¥, a[v) (2.5)
[

for all a,a’,a”, b, b, 0" = +1 with v+ v’ =0/,
(i1) the standard initial condition

Wia, b, c,d|0) = 8(a, ) (2.6)

and
(i) crossing symmetry

sin A
sin 2A

—b+e—d
W(a, b,c,d|lh—v) = (:!: ) Wib,a,d,clv). (2.7)

The crossing symmetry shows that replacing the parameter v by A — v in (2.4) is equivalent
to rotating the lattice through /2. From (2.6) and (2.7} it is found that

—bte—d
sinA ,
Wi(a,b,c,d|A) = (i sinZA) 3(b,d). (2.6"

3. Auxiliary faces method

In this section we explain a method for solving the hard-square model on a rotated lattice.
Introducing auxiliary faces, we relate a rotated system to an inhomogeneous one in the
natural crientation. Then, the inhomogeneous system is analysed by commuting transfer
matrices argument.

We start with defining an inhomogeneous hard-square model. Suppose a square lattice
of M + N columns and M' + N rows (M =im, N =1n, M' = U'm, N' = I'n} in the
natural orientation, and impose on it toroidal boundary conditions. It is also assumed that v
can vary from face to face. By v; we denote the value of v for the face whose south-west
(SW) corner is the site (i, j). Set the v;; to be

0 for 0SigEm—-L0gKign—1 (modm+n)
Uo for m£is<m+n—-1L,0gj<n—1 (modm-+n)

TV a—ug  for 0Ki<m—lLn<j<m+n—1 (modm+n) @
A for mgis<m+n—-Lngj<m+n—~1 (mod m+n)
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Figure 2. (2) Inhomogeneous system (3.1}. Faces v = 0 (respectively ug, A — up, A) are shown
by x (respectively =, o, +). (&) Shearing auxiliary faces v = 0 and A, we deform the lattice
into a rotated one, {¢) The rotated lattice is composed of two kinds of faces v = g and A — #g.
(@) Using the crossing symmetry, we find the rotated model. In the rotated model V{ug) is a
transfer matrix between two zipzag-walls, which is represented by a full line.

where 0 < ugy < A for tricritical hard squares, and —i < uy < O for critical hard hexagons
(figure 2(a)). Faces with v;; = 0 and A are auxiliary ones. On each auxiliary face v;; = 0
(respectively A) occupation numbers of the SW, NE (respectively NW, SE) corners are always
the same because of the standard initial condition (2.6) (respectively (2.6")). Shearing
auxiliary faces (figure 2(b)), we can continuocusly deform the lattice into a rotated one

whose rotation angle ¢ is given by
tang =m/n, (3.2)

The rotated system consists of faces v;; = ug and A — ug (figure 2(c)). We note that the
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orientation of faces v;; = ug is different from that of faces vy = A — ug in the m/2-
rotation. We use the crossing symmetry (2.7) for faces v;; = A — wo. Then it is found
that the inhomogeneous system (3.1) is equivalent to the hard-square model with v = ug
rotated through ¢ with respect to the natural orientation (figure 2(d)). We can analyse the
hard-square model rotated through ¢ by considering the inhomogeneous system (3.1).

The inhomogeneous system (3.1) is investigated by commuting transfer matrices
argument. Let o0 = {o1,03,...,0my} and o’ = {0f,03,...,00, 5} are particle
configurations of two successive rows with periodic boundary conditions. A one-parameter
family of RRTMs is defined by elements as

[T, = sin(2A +w)sind T sin(2A + u + ug) sin A !
U loe = sin(2A — u) sin(h 4 &) sin(2ZA — u — ug) sin{h + u -+ uyp)
-t [i(m+n)+M—1

X 1—[ W (G'j+|,6j+2, c;+2.a}f+1|u)

=0+ j=itm+n)
G+ (mn) -1

% w (ak.,.l NN AR AN uo)] . (3.3)
k=i (mtn)+m

From the same derivation of (3.3) in [24], we get a matrix equation for T(u) [271:

TeOT@w =2y =1+ T+ 34) (34)
where | is the identity matrix. The Yang-Baxter relation (2.5) shows that, for all complex
numbers u, #', T(x) and T(u") commute with each other, being simultaneously diagonalized.
We denote the eigenvalues of T(u) by T(u}. It follows from (3.4} that each eigenvalue T (x)
satisfies the functional equation (or inversion identity)

T@Tu+A) =14+Tw+34). (3.5)
From the parametrization (2.4) we find the periodicity relation

Tu+m)=T). (3.6)

Detaifed analysis shows that the eigenvalue T(x) must be of the form [20, 24]

T() = [_ sin{2A -+ u) sin A ]M [_ﬂ sin(2A + u + uo) sin A }N
T sin2a — w)sin(h + u) sin(2Ah — u — o) sin(A -+ u -+ up)
M+N
xR H sin(e — #;) (3.72)
=1
M+N
> uj=3(M+ N)A+kn (3.7b)

i=l

where R is a constant, and k an integer. The zeros u; are determined by substituting (3.7a)
into (3.5), and then by solving (3.5) with (3.75). Using a solution u; in (3.74), we find an
expression for T'(4). There are many eigenvalues T{«), corresponding to different solutions
uj.
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After the eigenvalues T(u) are calculated, we can get the necessary information to

analyse the inhomogeneous system (3.1) and hence the rotated system by letting & = ¢ and
A — uy. For example, the partition function of the rotated system is given by

8 =TV} = 3 [V;0)]
i

Va(uo)  Valug) (382
- I 2040 340 .
Vile) [1 T Vo T ity ]
V(ug) = T(O)"T(A — ug)™ (3.8b)
Vitug) = T;(0)' T, (0 — ug)™ i=123,... (3.8¢)

where Tj(u) (or V;(u)) is the jth eigenvalue of T(u) (or V(u)) in decreasing order of
magnitude. In the rotated system, V(up) corresponds to a transfer matrix between two
zigzag-walls, as shown in figure 2(d). The zigzag-wall transfer matrix reduces to the RRTM
and DDTM when m/n = 0 and 1, respectively.

4. Finite-size corvections

Following the programs given in section 3, we analyse the rotated hard-square model. In
this section, when [ becomes large with m and n fixed to be constants, we calculate the
asymptotic behaviour of the eigenvalves T'(u). In next section, substituting calculated
eigenvalues intc (3.8), we discuss finite-size properties of the rotated model from the
viewpoint of the conformal field theory.

At the first place we briefly summarize predictions gained from the assumption of
conformal invariance at criticality: two-dimensional critical models are classified into
universality classes according to the central charge ¢ of the Virasoro algebra, which is
connected with the conformal invariance at the critical point [I2-14]. There exists a
sequence of universality classes of systems with unitarity {14, 28], where the central charge
is given by

c=1—6/mm—1) (4.1)
with m = 4, 5,6, ...; tricritical hard squares cotresponds to the case m = 5, and critical
hard hexagons m = 6. For each value of ¢ in (4.1) possible scaling dimensions x, which
are power-law exponents for correlation functions of various scaling fields, are given by the
conformal weights (k, /) in the Kac table [14, 28, 29] as

x=h+h. (4.2}

If we suppose a conformally invariant model on a torus of I x {* [14,15], the partition
function is represented as

Z ~ exp(—Il' ) Z.(q) (4.3a)
with

q =exp2mwit r=il'fl (4.36)
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where f is the per-site free energy and the finite-size correction Z.(g) is a universal term.
By xx(g) we denote a character of a representation of the Virasoro algebra characterized
by a highest weight 4. Thenr Z.{g} is written as

Zg) = ) Nui @5 (@) - (4.4)
A

The multiplicity factors N, ; are determined by requiring that Z,(g) must be invariant under
transformations of the modular group.
In the case of tricritical hard squares, we get

Z5Mg) = xo(@)? + [xaso(@* + lxtyo@1 + 1xa716(@) P + bxass (@ + Ixaal@)® .
(4.5)

To compars (4.3) and (4.5) with the transfer matrix analysis (3.8), we assume that
I 31> 1, and expand the RHS of (4.5) as

ZE0(g) ~ @y PO+ @DV + @DV + @d)C + (05 + g0
+ @+ ]. (4.6)

Substiteting (4.6) into (4.3), and taking logarithms of both sides of {4.3), we find that the
leading terms reduce to (1.1) with ¢ = .
Similarly, for critical hard hexagons, it is found that

Z8(g) = Ix0(g) + x3(@* + Ixyys(@) + 235 + 215 @)* + 2l x2is(@)? (4.7)
Expanding (4.7) into a power series of g, we get

zéhx)(q) ~ (qé)—I/BO[l +2(qq)]/15+ (q§)2/5 +2(q!/15§16/l5+q15f154'[/']5)
+2q9)* +2@"7"" + 45 + -] (4.8)

The leading behaviour in the RHS of (4.8) shows that ¢ = %.

4.1. Tricritical hard squares

Analytic calculations for critical models were very cumbersome [17, 18]. Recently, Kliimper
and Pearce developed a new approach to these problems [19-22]. They applied it to several
solvable models to determine the central charge ¢ and scaling dimensions x. For tricritical
hard squares and critical hard hexagons these were done in [20} (KP); see also [19]. We use
the arguments in KP to find asymptotic behaviour of T(u) as ! — oo. In this subsection we
deal with tricritical hard squares, and in next subsection critical hard hexagons. Calculations
are somewhat indirect. We obtain T'(u) without determining the zeros s; explicitly. The
inversion identity (3.5) is solved by the use of special values of Rogers dilogarithms.

For tricritical hard squares we suppose that 0 < ug < A, and that M + ¥ = 0 (mod 2).
In the complex u plane our attention is restricted to the strip 0 < Re(u} < L — 1p. We
calculate the largest eigenvalues there. The bulk behaviour of T{«) is determined first. The
parametrization (2.4) corresponds to the x — —1 limit of (3.11) in [24]. When the transfer
matrix is defined by (3.3) with the face weights (2.4) replaced by (3.11) in [24], we denote
it by T(u; x), and its eigenvalues by T{x; x). To find the largest eigenvalues T'{u; x) in
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the strip 0 < Re(u) < A — g, we repeat almost the same argument as [27] in the { - oo
limit with m and » fixed to be constants. From the calculated eigenvalue T{u; x), the bulk

behaviour of T{u) is estimated as

lim T = lim lim T(e; )7
= oo x 1l=co

_ l 1 for u in strip 1 (4.9)
B Z(u) for u in strip 2
where
Zu) = [i cot(Su /2)]"' {icot[5(u 4+ ug)/21}" (4.10)
and strips 1 and 2 are defined by
strip 1: —7/10 < Re(u) < 37/10 — g
“4.11)

strip 2: 3n/10 < Re(u) < 9 /10 — uq .

Secondly we derive integral equations for finite-size corrections. To the largest
eigenvalue in 0 < Re(u) < A — up, denoted by Ti(x), the argument in section 2.1 of
KP is applied with some modifications. Numerical analyses for finite-size systems show
that (2) for sufficient large [ and in a periodic strip 00 < Re(u) < =, the zeros u, are in
3m/10 —ug < Re(u) < 3w /10 or 97 /10 — ug < Re(u) < 97 /10, and that (&) the distances
of the furthest zeros from the real axis grow as In!. Though we cannot prove (a} and (&)
rigorously, we are certain of the properties. In the Im(x) — Foco limit with the system size
! fixed to be a constant, (3.5) becomes

=141 (4.12a)
with
t= lim Tu= lim T(u). (4.125)
Im(y)—oco Im()— —co

It follows that

t = (]+—2‘/§) or (1_2—“/5) (4.12¢)

From nuemerical results we find that (¢} ¢ = (1 + «/5) /2 for T1(u).
Using (4.9), we define finite-size corrections of T;(x) in strips I and 2 by

Ty = 14 (x) for & in strip 1 @13
1) = Z(w) L) for u in strip 2 . 13)
Substituting (4.13) into (3.5), we get
H{udi(u 4 A) = paiu) —r /10 < Re(u) < 7 /10 — uy
4.14)

La(u)a(u + M) = pi(te) 3x/10 < Re(u) < T /10 — uy



5110 M Fujimoto

where

) =14 T(u—23) 37/10 < Re(u) < Tm /10 — g
4.15)
paln) =1+ Ty(u31) ~x/10 < Re(u) < /10— ug.

In their respective strips, [, (1) and /5(z) are analytic. The property (a) shows that I, {x)
(or £2(x)) is non-zero in strip 1 (or 2}, and (c) that the logarithms of /;(x} and {2 (&) tend to
constants as Im{u) — =0o. Therefore, the derivatives of Inl; (%) and Inf;(x) have Fourier
transforms. Taking logarithms and derivatives of both sides of (4.14), and then Fourier
transforms, we find that

I

[lnf ()] = 7 oo dulln pa(0)1'5/ sin 5(u — v)
0 < Re(u) < min{n/5, 3w /10 — up}
(4.16)
[Inl ()Y = L dv[ln p; (v)]'5/ sin 5(u — v)
271 SRre@wy=n/2
w/2 < Re(u) < 7x /10— up.
We integrate (4.16) with integration constants Dy and D, as
Ina(x) =k *InB(x) + Dy
4.17)
In@(x) = ln Z [(x/5)i + (3/5)] + k * In fx) + Dy
where
a(x) = B(x) = 1 = Ty [(x/5)1 + (x/10)] s
&(x) = B(x) — 1 = T, [(x/5)i + (67/10)] '
and f * g(x) is the convolution of the functions f(x) and g{x):
frew= [ ex-nime. (4.19)
The kernel £ (x) is given by
k(x) =1/2m cosh(x). (4.20)
Take the x — 0o limit in (4.17). Then, from (c), it follows that
Dy=Dy=0. (4.21)

The equation {(4.17) with (4.21) is exact, even for finite /.
Now we investigate the asymptotic behaviour of T1(u} as [ becomes large. Noting the
property (b), we define the following functions:

a:(x) =A+(x)—-1= Ililgoof(ix +Inl)

3 (4.22)
Ba(x) =As(x) = 1 = lim &k £1n)).
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From (4.17) it is shown that the functions ai(x), a1 (x) satisfy the equations

az{x) =% *1In Ay(x)
i 4.23)
Inde(x) = —2e*(m + ne™"0) 4 kxIn AyL(x).

For targe {, the first equation of (4.17) is rewritten by the use of AL(x) as

s oo
InT () ~ ﬁ [exf dye™? 1n4§+(y)+e_‘”[ dye™ lnﬁ_(y)] (4.24)

o0 =)

with 1 = {(x/5) + x/10. From (4.23) it follows that
(=4

2(rm + ne5) [ dxe™ {In Ax(x) + [In A= (1))}
~00

= jm dx {[lnax (%)) In Ax(x) — lngx(x)(In Ax(x)Y}

-0

+ f dx {(In 2+ (x)] In A (x) — lnaz (x)[ln A ()]} . (4.25)

-2

Integrating the LHS by parts and using (4.22) in the RHS gives

[a]
4(m + neisi"“) f dxe™*In Aulx)

-0

az(oo)
= f dasfaz' In(1 +ax) — (1 + @) Inas]
d.

+(—00)

dx{oo)
+ f 422 (37 In(l + @) — (1 + @) Ind) (4.26)

2 (—00)

From (c¢) and (4.23), we deduce that

as(—o0) =1 ax(00) = (1 ++/3)/2

(4.27)
Ax(~00y =0  adx(o0) = (1++5)/2.
Substituting (4.27} into (4.26), we get
=]
4(m + ne*) f dre ™ InAx(x) = 4L, [(v5 +1)/2] = 2L.(1)
= 4L[(v/5 = 1)/2] - 2L(1/2) = T%/30 (4.28)
where L (1) is 2 dilogarithmic function defined by
_1 (148 b
Li@) = 2[0 [ b 1+b] “.29)

and L(a) is the Rogers dilogarithm

1 feTIn(l —b) Inb
L(a)_—ifo[ - +1—~b:|' (4.30)
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The dilogarithm L. (@)} is related to the Rogers dilogarithm as
Ly(a) = Lix/(1+x)]. 4.31)

(For detailed definitions of the dilogarithmic functions and relations among them, see the
appendix in KP and [30].) Using (4.28) in (4.24), and after some calculations, we find that
for & in strip 1

I Tn? & e
In Ty (ue} N 120 [ g + o + g+ e—Siuo] 4.32a)
with 1 = (x/3) 4+ x/10.

For finite-size corrections of other eigenvalues, the arguments in sections 2.2-2.5 of Kp
are repeated with some modifications. We obtain the following results: for u in strip |

InT. i- = St 4326
nTau) ~ mi BON [ tang -+ eSin * tan ¢ + e=Sio (4.320)
z e’ 17 e~ 17
" Tt 00~ 7 [W (=2k+ = 10) + g 7o ("=~ 15
(4.32¢)
In T b, ) ~ i+ | (=2 — B) b — (2t~ 8)
ik ke N | tang + e5iuo &0 tan @ + et - T &0
(4.32d)
In Ts, ok () ~ r |:-——-ex——- (--2k+ - -]é%) i D R ( e  — 13'?’)]
T N | tan @ + efir 12 tan ¢ + P 12
(4.32¢)

with u = (x/5)i + 7/10. In (4.32c—) we represent the jth eigenvalue and its descendants
as T};h,k_(u) with ki = 0, i, 2, e s

4.2, Critical hard hexagons

In the case of critical hard hexagons we suppose that —A < ug < 0. We also assumed
that M + N = 0 (mod 3). The eigenvalues T () are calculated in a similar way to the
previous subsection, Our attention is restricted to the largest eigenvalues in the strips
—Ar—1g <Re(u) <0and A ~ g < Re(n) < 2A.

Firstly, we determine the bulk behaviour of T (1) by considering a transfer matrix
Tiu; x), which is given by (3.3) with the face weight (2.4) replaced by (3.14) in {24].
The eigenvalues of T(u; x) are denoted by T(u; x). As! — co with m and n fixed to
be constants, we find the asymptotic forms of T'(u; x), which are the largest in the strips
—A—up < Re(u) < 0 and A — ug < Re{u) < 2X, by the same argument as [27]. From the
calculated T (u; x), it follows that

lim T()Y! =1im lim T(u; x)*!

=00 x=1l—>00
[ Zuw for u in strip 1 (4.33)
- Za(u) for u in strip 2



Rotational invariance of critical hard squares 5113

where
Zy(w) = z(u)"z2(u + ug)”
4.34)
Zo(u) = 1/z¢u — /5" 2(u + up — /5)"
with
z(u)y = sin(Su/3 — x/3)/sin(Su/3 + 7 /3) (4.35)
and the two strips are defined by
strip 11 —2#a/5 — up < Relu) < /10
(4.36)

strip 2: 7/10 — up < Re(u) < 3w/5.

Secondly, we repeat almost the same analyses in KP to find integral equations for
finite-size corrections of T(u). The argument in section 3.1 of Kp is applied to the largest
eigenvalue T1(u). After some calculations, we obtain for u in strip 1

2 - 4.37
tan ¢ + e!0ivo/3 + tan ¢ + e—10ix/3 {4.37a)

i
~ Z
InTy(u) ~InZ(u) + 5N
with & = (3x/10i — (37 /20); for u in strip 2, In Z;¢u) is replaced by InZ2(«) in the RHS
and u = (3x/10)i + (7/20).
A doublet of the next-largest eigenvalues Tz('*"’(u) are determined. The argument in
section 3.2 of KP shows that for i in strip 1

ey~ 2 _ T i e
In T @) ~ 1o Zy ) + 2i/3 - o= [taw s e /3] (4.37b)

with 4 = (3x/10)i — (3 /20); replacing In Z;(x) and +2mi/3 by In Z2(1) and —27i/3 in
the RHS, respectively, gives the expression for # in strip 2 with u = (3x/10) + (7 /20).
The other next-largest eigenvalue Tz{_) (u) is the complex conjugate of Tz("')(u). (Hereafter,
we represent by 7 (x) a doublet of eigenvalues which are complex conjugates.)

Analysts for the next-next-largest eigenvalue T5(u) is somewhat complicated. According
to the locations of the zeros u;, we move the paths of Fourier integrals, When m/n = 1,
for example, numerical analyses for finite-size systems show that, in a periodic strip
=2r/5 < Re(u) < 3m/5 and for sufficient large !, the zeros u; appear near the lines
Re(u) = =2m/5 — up/2 and Re(u) = /10 — 1o/2 densely except four zeros w14 and wou..
Noting that the zeros u;+ are close to the line Re(u) = —m/5 — uo/2, and uyy the line
Re(u) = 27 /5 — uo/2, we move the path of each Fourier integral in (3.8) and (3.9) of KP
by —up/2 along the real axis. Then, from almost the same analysis in section 3.3 of KP, it
follows that for u in strip 1:

T e* 1
InTap, o () ~InZy(u) —2wi+ N[W (—4k+ — ﬁ)
g—x

1
e (44 @10
with & = (3x/10i — (Bn/20); InZi(1) (respectively —2mi} is replaced by In Z;(u)
(respectively 27i) and u = (3x/10) 4 (Tm/20) for v in strip 2. We denote the next-

next-largest eigenvalue and its descendants by Ta, 4 (#) with kx =0,1,2,....
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Similarly to the apalysis for Tk, & (%), we repeat the arguments in sections 3.4-3.6 of

KP with some modifications, including movements of paths of Fourer integrals, We find
that for u in strip 1

In TEH ) ~ 10 Zy () + 47i/3 + f_[———f’x— (—4k - )

N |tan ¢ + glOuo/3 15
e~ ,
+ g o (79s) w37
TS 4 () ~ 110 Z3(u) + 21/3
. < 12 e 19
N [tango ety (e~ 55+ s (4=~ )
(4.37¢)
InTED o ) ~ 1n Zy(u)
= e; 3l E_I 11
* F[tanqo iy (e = 35} + = (k- ~ 1)
(4.37f)

with & = (3x/1001 — (3 /20) and k() =0, 1,2,..; for # in strip 2 In Z;(x) (respectively
+4mi/3 in (3.47d), +27i/3 in (3.47¢)) is replaced by InZ(u) (respectively —4mi/3,
~2mi/3) and u = (3x/10)i + (7/20). We also find the conjugate eigenvalues 7,3 (),

TP o (@), and TE) ().

5. Spatial anisotropy and conformal invariance

Now, substituting T(x) determined in section 4 into (3.8), we investigate the partition
function E. Emphases are placed on its finite-size correction 2, [14, 15]), which is defined
by

Be= lim B/t (5.1)
Li'~»00

where the limit is taken with the ratio § = [//] fixed to be a constant and « is

€= lim E"" = lim Vi(up)'/. (52)
ILl'—o0 I=—o0
For tricritical hard squares it is supposed that M + N = M’ + N' = 0 (mod 2). We set
1 =0 and A — g in (4.32). Substituting the eigenvalues T{0) and T(A — up) into (3.8), we
find that [31]

in[V, (uo)fﬁcf]!' ~ (m/6)(I'/ (T/10)/ T2 (5.3a)

In [Va(uo)/ V1 (uo)]r ~ (M’ 4 NOmi — 2 (I’ /1)(3/40)/ T'? (5.3b)
Vi, b (50) T . i voA

In [—-————Vl o) ] ir ] (k+ +k_+ 5) T + 2mi 7 (ks k_)rz (5.3¢c)
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Var, k. (0} g / o 'y 7y 1 N4 A
ln|: Vl(uo) } (M +N)3’I‘I—2JTT(}C+ +k_+§)ﬁ+2n-3?(k+-'k..)ﬁ'
(5.3d)
Vg ko (i0) T r I A
1n|: V(o) :| Zn'l (k+ +k_+ ) Tz + 2m (k+ k_)E (5.3¢)
where kx =0,1,2,... and
A= (y*—y~?)sinfcosd
G4
r? = y?cos?9 + y~2sin® 9
with
2
y* = tan{mug/24)
(5.5)

8=p+mf4.

We consider the case of isotropic interactions ug = A/2. From (5.5) it follows that
y? = 1. Substituting 32 = I into (54) gives A = Qand T = 1. f I 3> [ 1, after E; is
expanded as (3.8a), we use (5.3) in the expansion. It is found that, within the validity of
the expansion, E. is a function of the ratio '/ but is independent of the rotation angle 8.
The result shows that the system is invariant under scale transformations and rotations. We
also know that the system is invariant under translations. Though the global transformations
cannot be generalized to local ones directly, it is suggested that the system is conformally
invariant. As shown in KP, the eigenvalue spectrum is in agreement with (4.6), which is
generated by the modular invariant partition function Z89(q). We identify B, with Z&2,
If we consider anisotropic systems, T in (4.36) is replaced by

T=({"/D{i+A)/T2. (5.6)

For critical hard hexagons we assume that M + N = M’ — N’ = 0 (mod 3). Substituting
{437 nto (3.8) with u = 0 and A — up, we get

n [ViGuo)/e'] ~ (r/6)¥'/D{2)/ T (5.7a)

In [V (uo)/ Vs (uo)]ﬂ ~ (M — NN27if3 — Zn(l’/t)(%)/l*" (5.7b)
Vi (0) v A

In i{‘,-l("—m—“—} 27 (2 Fok 4 5) 1 omb (2k+ —2% )= {5.7¢)

[ Vi u (40) o)
T Vi)

1

In T

v
:}:(Mr ')—1—23'1' (Qk _g) :|:2?1'i—l—(2k - 1)% (5.74)

Vi (uo)
(5.7¢)

4
c;( Ic) K (“0)

~ --2?7 - Zk +2k_ —
AT N

1 A
In 5 F 231'1 (2k+ —2k_— )E (57f)

)

(uo) N 2m, ¥ A
In 5k+k j} ~ i._(M’ )—3-—1—-— [ (2k+ +2k_ - ) 1_12 :Fzﬁ'l (2k+ Zk—)ﬁ
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(=) (b {c}

Figure 3. For most anisetropic systems conformal invariance is restored by deforming the
geometry of the lattice.

where k) = 0, 1,2,... . The eigenvalue spectrum agrees with (4.8) if 7 is redefined by
(5.4) and (5.6) with ¥? replaced by

y? = —tan(mwug/31) . (5.8)

For given values of #p and 6, (5.6) shows that the anisotropic system has the same
finite-size correction £ as the conformal invariant one if the geometry of the anisotropic
system is deformed as follows (figure 3): stretch the original lattice along either of the two
coordinate axes (v — tI'2), shear it into a parallelogram (r = 7 — Af’/!), and then impose
on it torcidal boundary conditions. The deformation corresponds to an anisotropic rescaling
of length by amount of ¥2 along a direction rotated through 8 from the coordinate axes.
Note that ¥? is independent of #. It is suggested that conformal invariance of the system is
restored by the anisotropic rescaling. We consider the case up = —A, for example. In this
limit the model reduces to the hard-hexagon model. Substituting ug = —A into (5.8) shows
that

y2 = 3. (5.9)

By the anisoiropic rescaling the square lattice is deformed into a triangular one. We define
4 shift operator S by

S = [TO)"T(~up)"]" (5.10)

with (m+n)!” = 0 (mod 3). Returning to the inhomogeneous system (3.1), and introducing
the shift operator S into (3.1), we can investigate the triangular lattice and its rotations.
Then, we find scale and rotational invariance of finite-size correction &, of the hard-hexagon
model, as shown in the case of isotropic tricritical hard squares.

Finally, we fix the rotation angle to be 6 = p+-a/4 = 7/2 with m = n = 1 and consider
one-dimensional quantum systems associated with tricritical hard squares and critical hard
hexagons [1, 4, 18,21,32]. From (5.4)—«(5.6), and (5.8} it follows that

r=i(l'/ Dy (5.11)
with
2 tan(mug/2A) for tricritical hard squares (5.12)
~ | —tan(mug/3A) for critical hard hexagons. '

Equations (2.6) and (2.6"} show that

Iim V(ug) =1 (5.13)

ug—0
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with the identity matrix |. Hamiltonians A of one-dimensional quantum systems of 2/ sites
are defined by

V(Sug) =1—-8ugH + --- Sug ~ 0. (5.14)
Quantum system [ is associated with tricritical hard squares, and II critical hard hexagons.

Finite-size corrections of the partition functions of the quantum systems, denoted by Z.,
are obtained as

sl

.= lim B, = Z.(§) (5.15)
F—oo

where the limit is taken with uo = £8/{'; the upper sign is for the quantum system I, and
the lower sign for the quantum system II; 8 is the inverse temperature and

g =exp2rit

T == lim i(/'/ 1) tan(B85/21") = i(B/2) .

I'—o00

Note that taking the limit has an role of replacing the ratio & = I'/! of classical systems
by the ratio § = /2] of the quantum systems. The ratio & is multiplied by an anisotropy

factor (or effective light velocity) © which is determined by the derivative of ¥2 at ug = 0
as

(5.16)

A for quantum system I
= {”/ a ystem .17

2w /3 for quantum system II.

When 8 3 21 3> 1, the leading behaviour of the free energy F of the quantum systems
is

F ~2lBe — (8/2D0(mc/6) + - - (5.18)
where ¢ is the (per-site) ground state energy determined by
el
2 du@ uy=0
(5.19)
0 for quantum system I
- [ 10/3+/3 for quantum system II

and the second term is a universal one containing the central charge ¢; for quantum system I
(or I} c = (or ).

To consider F for 2/ 3> 8 >» 1, it is convenient to see the lattice from a /2 rotated
frame [32]. This is achieved by changing the parameter ug into A — ug. In (5.11) ¥? is
replaced by

2 cot(mug/21) for tricritical hard squares (5.20)
| ~cot(mug/3n) for critical hard hexagons . i
Finite-size corrections &, of the quantum systems of 2}/ sites are calculated as
8 = z’f& Belug=28/1 = Zc(q) (5.21)
with
g =exp2xif
(5.22)

7= lim W'/ 1) cot(BT/20) = i/ B)(1/D) .
Supposing that 21' 3> 8 > 1, we obtain [33]
F~2FBe — (U /BY/D)(me/6) + -+ . (5.23)

The second term in the RHS of (5.23) is also found from (5.15) by the use of the invariance
of Z; under the modular transformation T — —1/7.
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6. Summary and discussion

In this paper we considered a square lattice rotated through an arbitrary angle ¢ with
respect to the coordinate axes. Then, a method was developed to analyse solvable models
on it. In the method we used three properties of the face weights: the Yang-Baxter
relation, the standard initial condition, and the crossing symmetry. Auxiliary faces were
introduced into a rotated system to relate it with an inhomogeneous one in the natural
orientation. The inhomogeneous system was analysed by commuting a transfer matrix
argument.

By the new method we investigated tricritical hard squares and critical hard hexagons.
Supposing the models on a torus of size { x !/, we considered expansions of finite-size
corrections B, of the partition functions by the use of some largest eigenvalues of transfer
matrices. In the case of isotropic tricritical hard squares it was found that the expansion is a
function of the ratio I’/! but is independent of the rotation angle ¢, which shows invariance
of the system under scale transformations and rotations. The scale and rotational invariance
gives an evidence for conformal invariance.

For most anisotropic systems extra factors I'? and A appeared in the expansion of
E., which showed that the rotational invariance of the system is broken. Representing I'?
and A as functions of @, we found that the rotational invariance is restored by a suitable
anisotropic rescaling of length by p?; if the lattice is rotated through ¢ with respect to
the coordinate axes, the direction along which the system is rescaled is rotated through
8 = ¢ 4+ m/4; an important thing here is that y? is independent of §. The amount of
rescaling 12 and its direction 6 correspond to a ratio between major and minor axes and
their orientation of an ellipse to which equilibrium crystal shapes in [34] reduce in the critical
limit. We also find that y? is in agreement with approaches from off-critical calculations
in [35].

We considered the DDTMs of tricritical hard squares and critical hard hexagons. One-
dimensional quantum systems were defined in the up — 0 or A limit of DDTMs. We
found that, if ¥2 is represented as a function of the spectral parameter %o and the crossing
parameter A, finite-size properties of the quantum system are directly derived from those of
tricritical hard squares or critical hard hexagons through the function. We expect that the
structure is a quite general one. As mentioned in section 1, the auxiliary faces method can
be applied to a wide class of solvable models. We hope that this fact will be clarified in
further publications.

It is known that a special class of the kagomé lattice eight-vertex model is solvable
{1,36]. The solvable class of the kagomeé Iattice eight-vertex model can be investigated
by a combination of inhomogeneous RRTMs and a DDTM. It is shown that the auxiliary
faces method is easily applicable to these problems. We will report detailed calculations
elsewhere.
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